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THE LERCH ZETA FUNCTION I. ZETA INTEGRALS 



JEFFREY C. LAGARIAS AND WEN-CHING WINNIE LI 



Abstract. This is the first of four papers that study algebraic and analytic structures 
associated to the Lerch zeta function. This paper studies "zeta integrals" associated 
to the Lerch zeta function using test functions, and obtains functional equations for 
them. Special cases include a pair of symmetrized four-term functional equations for 
f*^ ■ combinations of Lerch zeta functions, found by A. Weil, for real parameters (a, c) with 

£*\J ' < q,c < 1. It extends these functions to real a, and c, and studies limiting cases of 

these functions where at least one of a and c take the values or 1. A main feature is 
that as a function of three variables (s,a,c) with a, c being real variables, the Lerch 
zeta function has discontinuities at integer values of a and c. For fixed s, the function 
£(s, a, c) is discontinuous on part of the boundary of the closed unit square in the 
(a, c)-variables, and the location and nature of these discontinuities depend on the real 
part 5R(s) of s. Analysis of this behavior is used to determine membership of these 
functions in L p ([0, l] 2 , dadc) for 1 < p < oo, as a function of Sft(s). The paper also 
pH ■ defines generalized Lerch zeta functions associated to the oscillator representation, and 

1/^ \ gives analogous four-term functional equations for them. 
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1. Introduction 
The Lerch zeta function 

oo 
C(s,a,c):=Y j e 2mna (n + c)- s (1.1) 
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2 JEFFREY C. LAGARIAS AND WEN-CHING WINNIE LI 

was introduced by Lipschitz |31j in 1857, for real a and c with c > 0, see also Lipschitz 
[32] . It is named after Lerch [30], who showed in 1887 that for 9(a) > and < c < 1 
it satisfies the three-term functional equation 

((1 - s,a,c) = (2tt)- s T(s) ie^e- 2niac C(s,-c,a) + e- s re** u * 1 - a \(s,c, 1 - a)\ , 

(1.2) 
a result which is called Lerch's transformation formula, cf. Erdelyi [131 P- 29]. Special 
cases of this function are the case a = which gives the Hurwitz zeta function 



C(s,c):=Y . 1 . (1.3) 

n=0 

studied by Hurwitz [18j . and the case c = 1 which gives e~ 2ma F(a, s), with 

00 „2irina 

F (a,s):=Y<— (1-4) 

71=1 

being the periodic zeta function studied in Apostol [21 p. 257]. The Riemann zeta 
function £(s) occurs as the intersection of these two special cases, i.e. when o = and 
c= 1. 

The Lerch zeta function has been extensively studied, see the books of Laurencikas 
and Garunkstis [29], Srivastava and Choi [4H Chap. 2] and Kanemitsu and Terada [191 
Chaps. 3-5] for many analytic results. There have been many proofs given of Lerch's 
transformation formula and of equivalent functional equations, see for example Apostol 
[1], Oberhettinger [36], Mikolas [33], Berndt [3] and Weil 03]. 

This is the first in a series of four papers that studies algebraic and geometric structures 
attached to Lerch zeta functions. We begin with a brief summary of results in this series 
of papers, and give a more detailed description of the main results of this paper in §2. 

1.1. Overview of papers. In Part I our starting point is a pair of symmetric functional 
equations for the Lerch zeta function, viewing a and c as real variables, first given by A. 
Weil [43] in 1976. These involve the two functions 

L^s, a, c) = C(s, a, c) ± e" 27ria C(s, 1 - a, 1 - c). 

and relate the values of these functions at parameter values (s, a, c) to values of the same 
function at (1 — s, 1 — c, a). We derive functional equations for general zeta integrals of 
Lerch type incorporating a test function, first for values (a, c) on the unit square and 
then extended to all real values of (a,c). We then deduce results for ^(s^a^c) and 
the Lerch zeta function on the extended domain by expressing them in terms of zeta 
integrals. We then determine that the Lerch zeta function has discontinuities at integer 
values of a and c, and that the nature of these discontinuities depends on the real part 
of s. These discontinuities appear to be an important aspect of the behavior of this 
function. 

In Part II ([26]) we analytically continue the Lerch zeta function £(s,a,c) in three 
complex variables to a maximal domain of holomorphy. We show it analytically continues 
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to a multivalued function of (s, a, c) which becomes single- valued on the maximal abelian 
covering manifold of the manifold 

M := {(s, a,c)eCx(C\Z)x(C\ Z)}. 

We determine the monodomy functions describing the multivaluedness. Positive integer 
values of the c -variable turn out to be removable singularities, leading to a slightly larger 
analytic continuation. The remaining values where either a or c are integers correspond 
to "singular strata" omitted from this analytic continuation. It is possible to define 
versions of the Lerch zeta function restricted to various "singular strata," which are not 
part of this analytic continuation. In particular a = is a singular value, and both the 
Hurwitz zeta function (at a = 0, c Z) and the Riemann zeta function (at a = 0, c = 1) 
live on "singular strata". It remains an interesting open problem to further determine 
the relation of these (degenerate) "singular strata" functions to the analytic continuation 
above, by limiting procedures; this provides an approach to get more information on the 
behavior of "degenerate functions" living on the singular strata. From this perspective 
the discontinuity properties studied in part I reflect one aspect of the behavior of such 
limiting procedures. 

In Part III (|27J) we make the variable change z = e 2ma and analytically continue the 
resulting Lerch transcendent 

°° z n 

$(S, Z, C) = V^ r- 

^{n + cY 
in three complex variables. This function now lives on a covering manifold of 

M := {(s, z, c) G C x (P^C) \ {0, 1, oo}) x (C \ Z)}. 

It satisfies a linear PDE over the base N having polynomial coefficients. This function is 
related to the polylogarithm under the specialization c = 1; here the specialization c = 1 
lies on a regular stratum. We investigate special values of (s, a, c) where the monodromy 
degenerates, and determine the degeneration. Such degeneration occurs for all values 
s 6 Z, which emphasizes the special significance of integer values of s, some of which are 
"critical values" in the sense of arithmetic geometry. 

In Part IV ([28J) we introduce a family of two- variable "Hecke operators" acting on 
the (a, c)-variables, for which the Lerch zeta function is a simultaneous eigenfunction. 
In suitable function spaces these satisfy the Hecke relations 

' m ' n — ' n' m — ' mn • 

associated to GL(1). We determine properties of the Hecke operator action in both 
the "real variables" context of part I and the "complex variables" context of parts II 
and III. In the real-variables context we prove a uniqueness result characterizing, for 
each fixed s G C, a two-dimensional vector space of simultaneous eigenfunctions of these 
operators, together with some side conditions, which generalizes a theorem of Milnor [33] 
for the Hurwitz zeta function. In the complex-variables context there is an additional 
structure, consisting of an induced action of Hecke operators on the infinite-dimensional 



4 JEFFREY C. LAGARIAS AND WEN-CHING WINNIE LI 

vector space spanned by the monodromy functions. This monodromy vector space also 
carries an action of the fundamental group of M and we determine information on the 
commutation relations of the two-variable Hecke operators with these operators. 

1.2. Background and Motivation. Our original objective in this work was to seek a 
geometric or "dynamical" interpretation for the Lerch zeta function. This was motivated 
by observations of the first author made in |24| . He studied two- variable dynamical zeta 
functions £(z, s), which included both an arithmetical variable s and a dynamical variable 
z, and observed that for certain dynamical systems (those being uniformly expansive in a 
suitable sense) the resulting dynamical zeta function satisfied an extra functional relation 
C(z,s) = C(zq~ s ,0). This observation provided a framework to explain the following 
coincidence: the zeta function for a function field over a finite field has an arithmetical 
definition using the s-variable and also a dynamical definition using the z-variable, and 
these match under the change of variable z = q~ s . An analogous result is unknown in the 
number field case. The Lerch zeta function is a natural multiparameter generalization 
of the Riemann zeta function, and it is natural to investigate whether its extra variables 
might have a geometric or "dynamical" interpretation. A second objective, arising in the 
course of the work, was the possibility of finding a representation-theoretic interpretation 
of the Lerch zeta function. This possibility was based on the feature that the Lerch zeta 
function satisfies a linear partial differential equation in the (s, a, c)-variables which might 
play the role of a Laplacian, and because it is a simultaneous eigenfunction of a family 
of "Hecke operators," mentioned in the overview above. 

These four papers taken together find various extra structures attached to the Lerch 
zeta function, whose form suggests the existence of a more comprehensive theory (or the- 
ories) in which they fit, addressing the objectives above. In particular, there appear to be 
two distinct underlying contexts in which the Lerch zeta function appears, corresponding 
to the "real variables" structure and the "complex variables" structure mentioned in the 
summary above. The real variables structure, which restricts the variables a and c to be 
real, imposes a twisted-periodicity condition described in this paper. The first author 
has since found that this structure does have a representation-theoretic interpretation 
cf. [25]. The complex variables structure, in which a and c are complex variables, and 
which leads to multivalued functions in these variables, seems "geometric" in nature. We 
think it will be an important problem to determine interconnecting relations between 
these two structures. 

The results in these papers are formulated in a classical language. It seems likely that 
some of them may be reformulated and extended in an adelic framework. Other results 
seem suitable for reformulation in a framework of -D-modules over complex manifolds. 
We hope to return to these topics in subsequent work. 

It would be interesting to study if the structures studied in these papers have bear- 
ing on questions around the Riemann hypothesis. It is well known that the Riemann 
hypothesis fails to hold for the Lerch zeta function, but the possible validity of the 
weaker Lindelof hypothesis is an open question. Garunkstis and Steuding [15] (see also 
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Garunkstis [13]) have put forth the proposal that the Lindelof hypothesis may hold for 
the Lerch zeta function, for all real parameters (a, c). Our results in part II are compati- 
ble with this proposal, in that they imply that the Lindelof hypothesis, if it holds for the 
Lerch zeta function, would then also hold for its multivalued analytic continuation, i.e. it 
would then hold for all branches of the function lying over real values (a, c). Concerning 
the Riemann hypothesis itself, the Lerch zeta function gives a multi-parameter deforma- 
tion of the Riemann zeta function, in which it is located in a "singular stratum" at a 
(non-isolated) singular point. One may ask whether new information on the Riemann 
hypothesis is obtainable through taking various degenerations approaching this "singular 
stratum," using the extra structures available. 

We conclude this discussion by noting that there are further generalizations of the 
Lerch zeta function twisted by Dirichlet characters \ (mod N). These take the form 

L±( X , s, a, c) := £ x(n)(sgn(n + c)) k e 2mna (n + c)" s , 

with k = 0, 1 and ± := (— l) k . Our results can be extended to apply to these functions, 
since they can be expressed as linear combinations of scaled versions of L^{s : a : c). We 
do not treat them in these papers, in order to reduce the notational burden. 

Acknowledgments. We thank K. Prasanna and P. Sarnak for helpful comments. This 
work began when the first author was at AT &T Labs and the second author visited 
there. Both authors thank AT&T Labs for support. 



2. Main results 

This paper proves variants of the functional equation of the Lerch zeta function, in 
its four-term symmetrized form, expressed using the functions L (s,o, c) introduced 
below, and extends these results to zeta integrals for other test functions. These include 
test functions for the oscillator representation. Our focus is then on using these zeta 
integrals to obtain information on the dependence of the Lerch zeta function on the a 
and c variables. In particular we determine continuity properties in these variables as the 
variables approach integer values, and membership of these functions in function spaces 
L p ([0, l] 2 , dadc) for various values of s. 

The original functional equation given by Lerch [30] in 1887 was a three-term non- 
symmetric functional equation, now called Lerch's transformation formula. In 1976 A. 
Weil [43, p. 57] gave a pair of symmetrized four-term functional equations, which are 
the ones we consider here. These two functional equations encode an invariance under 
the action of the additive Fourier transform on the real line. 

To state the symmetrized functional equations we introduce the two functions 

L^s, a, c) := £(s, a, c) ± e" 2 ™C(s, 1 - a, 1 - c), (2.1) 
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and we initially suppose the domain is < a,c < 1. For K(s) > 1 these functions have 
the absolutely convergent Dirichlet series representations 

L+(s,a,c) = ^e 2 ™ a |n + c|- s , (2.2) 



n^ — c 



L-(s,a,c) = Yl sgn(n + c)e 27Tina \n + c\- s , (2.3) 

nj^ — c 

see Lemma 15.31 below. 

The Weil form of the functional equations involves the completion of these functions 
obtained by adding appropriate gamma factors. 

Theorem 2.1. (Lerch Functional Equations). Let a,c be real with {(a,c) E (0,1) x 

(o,i)}. 

(1) The completed function 

L + (s, a, c) := tt"! r(|)L+(s, a, c) (2.4) 

analytically continues to an entire function of s, and satisfies the functional equation 

L + (s, a, c) = e- 27Tiac L + (l - s, 1 - c, a). (2.5) 

(2) The completed function 

L-(s,a,c) := 7r -^ l T(^)L-(s,a,c) (2.6) 

analytically continues to an entire function of s, and satisfies the functional equation 

L-(s,a,c) = ie- 2mac L-{l-s,l-c,a). (2.7) 

The fact that the "completed" functions L (s,a,c) are entire functions of s for fixed 
< a,c < 1 implies that for these values the (non-completed) function L + (s,a,c) 
necessarily has "trivial zeros" at s = 0,-2,-4,..., while the (non-completed) function 
L~(s,a,c) has "trivial zeros" at s = —1, —3, —5, ..., for all values of a and c. 

In §3 we derive these functional equations using a method analogous to Tate's thesis 
[42] . assuming a,c are real with < a,c < 1. We consider a zeta integral of Lerch type 
Fk(f',s,a,c) attached to a general test function f{x) in the Schwartz space <S(R), with 
k = 0, 1, and analytically continue these integrals to entire functions of s, for fixed (a, c) 
as above. The perspective of Tate's thesis has two important features which are: (i) 
to realize a "zeta function" as a greatest common divisor of a set of "zeta integrals" 
indexed by test functions; and (ii) to carry this out both in local settings and in a global 
adelic setting. (Compare Ramakrishnan and Valenza [391 p. 242].) Here we carry out for 
Lerch zeta functions the "zeta integral" step using a set of test functions at the real place 
which transform nicely under the Fourier transform. Our treatment is global rather than 
local in that it uses Poisson summation, and it emphasizes operator aspects in the use of 
"averaging" operators. An adelic treatment of the Lerch zeta function involves further 
issues, which we do not take up here. 

In §4 we extend the variables in Lerch zeta integrals Fk(f; s, a, c), to all values (a, c) E 
1x1. We derive a general zeta integral functional equation (Theorem l4.3p for F&(/; s, a, c), 
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specified by a test function f(x) in the Schwartz space 5(M), with k = 0, 1. For integer 
values of a or c the functions are no longer entire functions, but are meromorphic func- 
tions, having possible simple poles at s = and s = 1. We observe that these functions 
exhibit extra "twisted periodicity" relations in the (a, c)-variables. 

2 2 

In §5, on specializing to the Gaussian test functions (J)q{x) = e~ nx and <f>i(x) = xe KX , 
we obtain extensions to all (a,c) £RxK of the functions L ± (s, a, c) and from these define 
an extension £*(s,a, c) of the Lerch zeta function to (a,c) G R X R which preserves the 
symmetrized functional equations. The extended function C*(s, a, c) is an entire function 
of s whenever both a and c are not integers, and otherwise it is meromorphic in s, with 
possible simple poles located only at s = or s = 1. We show that for $t(s) > 1 it is 
explicitly given for fixed (a, c) by 

Us,a,c):= ^ e 2 ™> + c)- s , (2.8) 

n+c>0 

The extended functional equations are as follows. 

Theorem 2.2. (Extended Lerch Functional Equations) Let (a,c) £RxR. The extended 
Lerch zeta function ^(s,a,c) is a meromorphic function of s £ C, which has a simple 
pole at s = 1 if a £ Z, and is holomorphic in C otherwise, 
(i) In the a-variable it is periodic, with 

£*(s,a + l,c)= (*(s,a,c). (2.9) 

(ii) In the c-variable it satisfies the twisted periodicity equation 

C*(s, a, c + 1) = e" 27ria C*(s, a, c). (2.10) 

(Hi) For k = and 1 and ± = (— l) k the completed extended functions 

Lt(s,a,c) := vr~^r (i±^ ((*(s,a,c) + (-1)V 2 ™C*( S , 1 - a, 1 - c)) (2.11) 

are meromorphic for s € C, and are analytic except for possible simple poles at s = or 
1. T/ie poles occur only for k = 0, and then if and only if a G Z or c G Z. 27ie completed 
extended functions satisfy the functional equations, for k = 0, 1, 

L±(a, a, c) = iV 2 ™ c L±(l - s, 1 - c, a). (2.12) 

The extended functions L^(s, a, c) inherit the same symmetries as C*( s > a > c ); namely, 
for all (a, c) £ 1 x I, the twisted periodicity conditions hold: 

Lf(s,a + l,c) = Lf(s,a,c), 

Lt(s,a,c + 1) = e- 2nia Lt(s,a,c). 

Theorem 12.21 defines the Lerch zeta function ^(s,a,c) for each (a,c) on the boundary 
of the unit square, for all s £ C, except for s = 0, 1 where poles occur. Using (|2.8j) and 
the functional equations above we find that on the boundary it is given in terms of the 
Hurwitz zeta function and periodic zeta function by 

C*(s,0,c) = C(s,c) for 0<c<l, (2.13) 

C.(a,l,c) = C(a,c)/orO<c<l, (2.14) 
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C*(s,a,0) = F(a,s) for < a < 1, (2.15) 

and 

C*(s, a, 1) = e~ 27ria F(a, s) for < a < 1. (2.16) 

At the four corners of the square we have 

C*M,o) = c*M,i) = c*M,o) = C*M,i) = C(s), (2.17) 

the Riemann zeta function. Theorem 12.21 therefore includes meromorphic continuations 
of the Hurwitz zeta function and the periodic zeta function to all s G C, and also gives 
functional equations for these functions. At the end of §5, we deduce an extended Lerch 
transformation formula valid for all (a,c) G M. x M by taking appropriate combinations of 
Lf(s,a,c) and L~(s,a,c) and using suitable Gamma function identities (Theorem I5.4p . 
In §6 we analyze how the extended Lerch zeta function ^(s,a,c) behaves as a and c 
approach integer values. We observe that Theorem 12.21 comes at a price: the function 
C*(,s,a, c) is discontinuous at integer values of the c and a variables, for certain ranges 
of s. Indeed the formula (|2.8p reveals that for !K(s) > 1 the function C*( s > a > c ) is discon- 
tinuous at integer values of the c-variable. It turns out to be discontinuous at integer 
values of the a- variable for another range of s-values. These ranges of s differ for the 
a-variable and the c-variable. Let □ = {(a,c) : < a < 1, < c < 1}. We establish a 
limiting formula for C*(s, a, c) with (a, c) G D° as it approaches the boundary of □, which 
exhibits the discontinuities (Theorem 16. 1|) . Using it, we obtain precise conditions when 
C*(s, a, c) continuously extends to portions of the boundary of the unit square. Note that 
the equality C(s, a, c) = C*( s > a > c ) holds for (a, c) G D°, so we may state these results for 
C(s,a, c), as follows. 

Theorem 2.3. (Continuous Extension to Boundary) For fixed s G C, the function 
{£(s, a, c) : (a, c) G D°} continuously extends to portions of the boundary 3D of the unit 
square to define a function £(s, a, c) there, in the following cases: 
(i) a = and < c < 1 when K(s) > 1; 
(ii) a = 1 and < c < 1 when 3?(s) > 1; 
(hi) c = and < a < 1 when 3?(s) < 0; 
(iv) c = 1 and < a < 1 when s G C; 
(v) the two corners (a,c) = (0, 1) and (1, 1) ; when R(s) > 1. 

In these cases this continuous extension satisfies 

C(s,a,c) = C*(s,a,c). (2.18) 

A continuous extension to the boundary does not exist for any other values of (s,a,c). 

The ranges where continuous extensions are possible are indicated schematically by 
the heavy lines in Figure [TJ Interesting features to note about the discontinuities are: 

(1) The locations of the discontinuities depend only on the value of$t(s). 

(2) The locations of the discontinuities are not invariant under the transformation 
(s, a, c) — > (1 — s, 1 — c, a) that appears in the functional equation. 

(3) There is no continuous extension to the corner points (a,c) = (0,0) and (1,0). 
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a 



a 



c 
Sft(s) < 



-o 



-d 



<o 



o 




< 3?(s) < 1 



5R(s) > 1 



Figure 1. Continuous extension of C( s > a > c ) (heavy lines). 



The occurrence and behavior of the discontinuities is an important feature of the 
Lerch zeta function. In part II we show that the integer values of a and c correspond to 
complex singularities to these functions, on viewing a and c as complex variables. From 
this perspective these discontinuities form part of the structure of these singularities. It 
is important to understand the nature of these singularities because the Hurwitz zeta 
function, Periodic zeta function and Riemann zeta function all arise in the cases where 
one or both a and c are integers. 

In §7 we use the determination of the limiting behavior of C*( s 5 a ) c ) to define "renor- 
malized" versions L • (s, a, c) of the Lerch function L (s, a, c) that continuously extend 
to the boundary of □, for s £ C \ Z. The precise result is given as Theorem 17.31 The 
"renormalized" functions remove four terms which account for the divergent behavior at 
the singularity. 

More generally, for fixed s 6 C, let £ s (for "Eigenspace" ) denote the complex vector 
space spanned by the four functions 



£, 



C[L (s,a,c),e 



-2-Ktac t ± 



L ± (l-s,l-c,a)]. 



(2.19) 



The functional equation gives linear dependencies among these four functions, which 
show that, for each s £ C, the vector space £ s is two-dimensional. In fact we have 



£s 

£, 



C[I ± (j,o,c)]for«6C\Z<o (2.20) 

C[e- 2 ™ C L ± (1 - s, 1 - c, a)} for s G C \ Z>i. (2.21) 

Note that C,(s,a,c) = \ (L + (s,a,c) + L~(s,a,c)) belongs to £ s . We can now "renormal- 
ize" all functions in £ s using the renormalized versions of the basis functions. 



We use the renormalized Lerch zeta functions to determine membership of all elements 
of £ s in the function space L P (\I\, da dc) for 1 < p < oo, as follows. 

Theorem 2.4. (L p -Membership) 

(1) Suppose 1 < p < 2. Then all functions in £ s belong to L P (\D, da dc) if and only if 
s £ C satisfies 



1 



p p 



Otherwise, no nonzero function in £ s belongs to L p (\3,da dc). 
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(2) Suppose 2 < p < oo. Then no nonzero function in E s belongs to L P (\D, da dc), for 
all s £ C 

The most interesting cases are p = 1, where L (s,a,c) both belong to the Banach 
space -L 1 (D, da dc) for s inside the critical strip < K(s) < 1, and p = 2, where 
no nonzero functions in £ s belong to the Hilbert space L 2 (d,da dc), for all s G C. 
Theorem 12.41 will be relevant to the Hilbert spaces studied in Part IV. 

In §8 we show compatibility of the Lerch zeta function with the oscillator represen- 
tation. The Schwartz space S(M) is the set of smooth vectors of a representation of 
(a double cover of) the group SL(2,M), the oscillator representation, and also of the 
Heisenberg group acting on L 2 (R, dx), a viewpoint emphasized in Howe [T7j. It is closed 
under the action of the Fourier transform, and also closed under the action of the Weyl 
algebra Ai = C[x, -§-]. The Merlin transform acts as an intertwining operator, convert- 
ing the Weyl algebra action into difference operators in the s-variable, and this action 
is also compatible with the Fourier transform. Bump and Ng [S] and Bump et al [I] 
observed for the Riemann zeta function that there is an an infinite family of functional 
equations related to the oscillator Hamiltonian. We show that this phenomenon gen- 
eralizes to the Lerch zeta function, with a similar proof. We obtain an infinite family 
of functional equations for functions L n (s,a,c) associated to the eigenfunctions of the 
oscillator Hamiltonian, indexed by the nonnegative integers n > 0. The functional equa- 
tions in Theorem 12.11 correspond to the cases n = and n = 1, respectively, whose test 
functions 4>o(x) and 4>i(x) are vacuum vectors for the two irreducible subrepresentations 
of the oscillator representation. The result of Bump and Ng [5] for the Riemann zeta 
function is then in principle recoverable by specialization of variables. 

Notation. The hat notation L always denotes a "completed" function multiplied by an 
appropriate archimedean Euler factor (gamma factor). For functions / on the real line 
we use J-f to denote an additive Fourier transform and M.f to denote a Merlin transform 
(multiplicative Fourier transform), as defined in §2. The variable e G {—1,1} and we 
often write e = (— l) k for k = 0, 1. The function Sz{x) = 1 if x G Z and is otherwise. 
Here 3ft(s) and Q(s) denote the real and imaginary parts of a complex variable s. 

3. Analytic continuation for zeta integrals 

The Schwartz space 5(M) consists of all smooth functions f{x) such that it and all its 
derivatives decrease more rapidly than any power of \x\ as x — > ±oo. We decompose it 
into even and odd functions 

5(M) =S + @S~, (3.1) 

and write 

f(x) = f+(x) + f-(x), (3.2) 

with 

/+(s):=i(/(x) + /(-aO) and /_(*) := -(/(*) - f(-x)). 
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The Fourier transform J~f(y) is given by 

/oo 
e- 2 ™yf(x)dx. (3.3) 

-oo 

It takes 5 + to S + , and S~ to S~, so that 

?h = {Ff)e for e=(-l) fc , (3.4) 

2 2 

and also satisfies J-J-f(x) = f(—x). The functions (/>o(x) = e~ nx and 0i(x) = xe~ wx 
have Fourier transforms 

^fc(y) = H) k My) for k = 0, 1. (3.5) 

We use the two-sided Mellin transforms M. k with fc = 0, 1 (mod 2), defined by 

/OO J 

/(x)( S5 nx) fe |xr n / rA;= 0, 1. (3.6) 

-oo V^\ 

The (one-sided) Mellin transform M on R + is given by 

1 f'°° dr 

M(f)(s) := -(M (f)( S ) + M 1 (f)(s)) = / f(x)x s -. (3.7) 

^ Jo x 

We need only consider A4q acting on even Schwartz functions and Ai\ acting on odd 

Schwartz functions, namely 

M k (f)(s) = M k (f e )(s) where e=(-l) k , (3.8) 

since we have 

M k (f € )(s) = when e = (-l) fe+1 . (3.9) 

The functional equations are associated to the action of certain multiplicative averag- 
ing operators on test function / € <S(R). 

Definition 3.1. (1) For fixed < a, c < 1 , and f(x) £ 5(R) the (multiplciative) 
averaging operator A a ' c is given by 

A a > c [f](x) := J2 /((" + c)x)e 2mna . (3.10) 

The rapid decrease of f(x) at ±oo ensures that A a ' c [f](x) is well-defined and contin- 
uous on R \ {0}, however it may have a singularity at x = 0. Its Mellin transform 
M{A a > c {f])(s) is well-defined for »(s) > 1. 

(2) The symmetrized (multiplicative) averaging operators At' on / 6 5(R)are given 
by 

A£ c [/](s) == ^[/K*) + (-l)^- 2 *^ 1 - ' 1 -^/]^). (3.11) 

That is, 

Jl-nina 



4 ,c [/](^) - £/((n+c)*)e 2 

+ (-l) fc e" 2 ™ J^ /((m + 1 - c)x)e" 2 ™ ma . (3.12) 



/it: 



m£Z 



12 JEFFREY C. LAGARIAS AND WEN-CHING WINNIE LI 

Note that 

A a ' c [f\(x) ■= \{Al> c + Ar)[f]{x) = ^/((n + c)x)e 2 ™ a . (3.13) 

ngZ 

Our main object of study will be the Mellin transforms of functions acted on by these 
averaging operators. 

Definition 3.2. (1) For the test function / € <S(R) and k = 0,1, the zeta integral 
Fk(f; s, a, c) is defined for < a < 1, < c < 1 to be the one-sided Mellin transform of 
^fe' C [/]> phase-shifted by a factor e mac , i.e. namely 

POO 

F k (f;s,a,c) := e mac M(A^[f})(s) = e™ c / A^f^x^dx. (3.14) 

Jo 

(2) The full zeta integral F(f; s, a, c) for the test function / is 

F(/; S ,a,c):=2e™ c ^(^ c [/])( S ) = F (/; S ,a, C )+F 1 (/; S ,a,c). (3.15) 

These Mellin transforms are related to the Lerch zeta function as follows. 

Lemma 3.3. Let < a < 1 and < c < 1. Then for f G <S(R) and K(s) > 1 and 
A; = 0,1, 

M(A a k ' c [f])(s) = Mkif^L^s, a, c) (3.16) 

in which ± = (— l) k and 

L+ts, a, c) := C(s, a, c) ± e" 27ria C(s, 1 - a, 1 - c) . (3.17) 

T7ms 

F k (f; s, a, c) = e™ c M k (f) (*)£*(*, a, c). (3.18) 

Remark. For (a, c) G D° and 3?(s) > 1 we have 

£*(*, a, c) = ^ e 27vina {sgn (n + c)) fc |n + c\~ s . (3.19) 

Lemma 13.31 may be viewed as showing that e mac L (s,a,c) is the "symbol" of the aver- 
aging operator B^' c under the Mellin transform. 

Proof. We first set 

A fe (/; s, a, c) := M k (f)(s) (e™%(s, a, c)) . 
The formula (J3.18P is equivalent to showing that 

F k (f; s, a, c) = A k (f; s, a, c) + (_i)* e -«(a+i-=) Afc (/; s , 1 - a, 1 - c) . (3.20) 

To verify (I3T20D we note that for &(s) > 1, 

oo 



e ?riaC C(s, a, C) = ^ e 2«a(n+ C /2) (n + c) 



n=0 
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hence 

J2 e ^ia(n+l) {n + c) - 3 / f{x){sgn{x) f\ x \s^ dx . 

n=0 / J ~°° 

poo / °° \ 

= / iYl e 2nia( - n+ ^f((n + c)x)) x s - l dx 

poo / °° \ 

+ (-1)^ / J^ e 27ri(-a)(-n-§ )/(_(„ + c ) x ) x'-lda;. (3.21) 

Combined with a similar formula for A k (f; s, 1 — a, 1 — c), a detailed calculation yields 
A fc (/; S ,a,c) + (-l) k e-^ a+1 -^A k (f;s,l-a,l-c) 

= e 2 ™ ac \ [ co y2 e27Tina f(( n + c ) x ) xS ' ldx 

l/° nez 

+(-l) fc e" 2 ™ /°° V e- 2 " ima /((m + 1 - c^x^cix 1 (3.22) 

J ° m& J 



as required. 



Lemma [3.31 shows that the dependence of M.(A k \' c [f])(s) on the test function / is 
confined to the Mellin transform Affc(/)(s), hence we have 

F k (f;s,a,c) = F k (f e ;s,a,c) where e = (-l) k . (3.23) 

Substituting (|3.2ip into this definition yields the integral representation 

F k (f; s, a, c) = / °° (j2 neZ e 2 ^ n+£ ^f((n + c)x)) x^dx (3.24) 

For even or odd Schwartz functions we have 

' 2f™(J2 n& e 27ria( - n+c /Vf((n + c)x))x s - 1 dx if e = (-l)\ 
Fk(fe]s,a,c) = < 

,0 if e = (-l) fe+1 . 

(3.25) 
This follows by pairing the terms n and m = —n — 1 in the two integrals in (|3,24p : they 
either cancel or match according to the value of k. 

We use the Poisson summation formula to obtain an analytic continuation and func- 
tional equation for Fk(f;s,a,c), and, in §4, to extend the definition to (a,c) elxM. 
This involves splitting the integral representation (|3.24j) into two pieces, J Q and J x . We 
give the J x pieces the name $&(/; s > a > c )- If we define <&(/; s, a, c) by 

$(/; s, a, c) := f°° I V e 2 " a(n+c/2) /((™ + c)x) J x 5 " 1 ^. (3.26) 

Jl Vnez / 

then we have, for k = 0, 1, 

<M/5 s, a, c) := $(/; s, a, c) + (-l^e^* 1 -^/; s, 1 - a, 1 - c). (3.27) 
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The function $(/;s,a, c) defined by (J3.26P is an entire function of s on the domain 
0<a<l,0<c<l, and the same property is inherited by & k (f; s, a, c) for k = 0,1. 
We now show: 

Lemma 3.4. For fixed < a < 1 and < c < 1 and f(x) £ S(M), the function 
F k (f;s,a,c) is given by 

F k (f; s, a, c) = **(/; a, a, c) + {-l) k e^ ia ^ k {Ff- l-s,l-c,a) (3.28) 

for k = or 1 and K(s) > 1. TTie rig/i^ side analytically continues F k (f;s,a,c) to an 
entire function of s G C. 

Proof. The integral representation (|3.24p gives 

F k (f; s, a, c) = $*(/; s, a, c) + tf *(/; s, a, c), (3.29) 

in which $&(/; s, a, c) is given by (|3,27p and 

**(/;«, o,c) := f 1 Ve 2 ™( n+ ^/((n + c),) a^dx 

^ VnGZ / 

^ VngZ / 

Write / = /+ + /_ as a sum of even and odd functions, and we obtain 

' *I l Ai: n& ^ ia{n+ ^U(n + c)x))x^dx if e = (-l) fc , 
* fc (/ e ;s,a,c) = < 

^ if e = (-l) fc+1 , 

(3.31) 
by the same proof as f)3.25j) above. Thus we have ^ k (f;s,a,c) = *& k (f e ;s,a,c) with 
e = (— 1) . The Poisson summation formula applied to Schwartz functions gives, for 
x £ M>o and any a,c£R, 

Y e 2 * ian f{{n + c)x) = i. Y <?™k™-°-)jf (lH—?.) _ (3 32 ) 

^— ' \x\ jL ^ \ x I 

Substituting this into the definition of ^ k (s,a,c; f) yields, for e = (— l) fc , that 

**(/;*, a, c) = * k (f e ; S ,a,c) = 2 /"* L mac £ ^-(m-a)^ f^LZf U x ^ d x . 

J(s V mez ^ x ' ) 

Making the change of variable y = 1/x gives rise to 

* fc (/ e ; s,a,c)=2j™ (j2 e 2mc{m -^Tfe((m - a)y)\ y' s dy . (3.33) 
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k 



Letting m — > —m yields, since e = (— 1) , 

* fc (/ e ; S ,a,c) = 2f ^e 2 ™(- m -f)j/ e ((-m- fl )y)h/-^ 

VmgZ / 

= (~l) k e-™ (2 j™ Y. e 2m(1 - c)(m+ ^-F/e((m + a)y)\ y- s dy 

= (-l) k e -* ia <f> k (Ff e ;l-s,l-c,a) . (3.34) 

Since < &fc(/; s,a, c) = $fc(/ e ; s, a, c), by a similar proof to (|3.25p . we obtain from (|3.34p 
that 

* fe (/; a, a, c) = (-l) k e^ ia ^ k (Ff; l-s,l-c,a) (3.35) 

for all / G <S(M). Substituting this in (|3.29|) yields the desired result. ■ 

We now deduce Theorem 12.11 using Lemma 13.41 with specific test functions. 

Proof of Theorem 12.11 The functional equations are associated to test functions which 
are self-reciprocal under the Fourier transform, in the sense that J- fix) = cf(x), for some 
constant c, necessarily a fourth root of unity. We consider the test functions 

Mx) ■= e~ wx2 G S + and </t x (x) := x e~™ 2 G S~ . 

2 

These satisfy the self-reciprocal Fourier-transform formula F(J)q{x) = e~ wx = 4>o(x) and 
F(f)i{x) = -i(f>i{x). 

Suppose that < a < 1, < c < 1 and ft(s) > 1. Since M^e-^^s) = vr- s / 2 r(s/2), 
the definition of F k (f; s, a, c) gives 

L+(s, a, c) = Tr~ s / 2 T(s/2)(((s, a, c) + e" 2 ™C(s, 1 - o, 1 - c)) = e~™ ac F^fo; s, a, c) . 

(3.36) 
Similarly since M.\ixe^' KX )(s) = tt~~z~T (^r-), one finds that 



s +i_ M + li, , _ 2nia , 



L-(s,a,c) = 7T- — r( — J (C(s,a,c)-e-^' a C(s,l-a,l-c)) = e -™ ac Fi(</>i; s, a, c) . 

(3.37) 
Lemma 13.41 gives the analytic continuation of F k (f;s,a,c) to an entire function of s, 
which shows for 0<a<l,0<c<l that each of L^(8,a,c) extends to an entire 
function of s. 

The functional equations follow from Lemma 13.41 using the definition of & k (f; s, a, c) 
and the Fourier transform formulas. Namely 

L+(s,a,c) = e-^ ac F {<j> Q ; S ,a,c) 

= e~ mac ($0(^0; s, a, c) + e-™M<p ; 1 - s, 1 - c, a)) 

= e~ mac ($(<£(>; s, a, c) + e - 7ri ( a+1 - c )$( ( /> ; s, 1 - a, 1 - c)) 

+e -™ c ( e -^a $ ^ o; x _ flj x _ Cj a ) + e -™$((/, ; 1 - s , c, 1 - a)) , 
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which agrees with 

e -2iriac L+(1-S,l-C,a) 

= e- 2 ™ c e-^( 1 - c ) a F o (0o; 1 - s, 1 - c, a) 

= e-* iac e-™ ($ o (0o; 1 - 8, 1 - c, a) + e^M^o; s, 1 - a, 1 - c 

= e -*** e -«*» ($(0 o; i _ S) i _ c , a ) + e- wi( " c - a) $(0o; 1 - s, c, 1 - a) 

+e - 7 riac-7rm e -7ri(l-c) /^ q; ^ 1 _ ^ 1 _ ^ + e -«(-«+c-l)$(0 o; S) a> c 

= e " mac ( e -" a $(0 o ; 1 - s , 1 - c, a) + e-™$(^ ; 1 - s, c, 1 - a)) 
+e _ w ^ e -*i(«+i-c) $(0o . S) j _ 0> ! _ c) + $(0o . S) Qj c) ) 

A similar derivation holds for L~(s, a, c) = ie -27nac L(l — s, 1 — c, a), using </>i(x). ■ 

Remark. Weil's proof |43[ p. 57] of the four term functional equations in Theorem 12.11 
uses Kronecker's summation formula, which is a variant of the Poisson summation for- 
mula, applied directly to </>o and <j>\. The use, explicitly or implicitly, of the Poisson 
summation seems inevitable, in that it is known to be equivalent to the functional equa- 
tion for C( s )j see Patterson [HU Sec. 2.14]. 



4. Extended zeta integrals 

We now extend the "zeta integrals" to apply to all (a, c) £ Rxl. Using the formulation 
of Lemma l3~4l for the "zeta integral" Fk(f;s,a,c) that 

F k (f; s, a, c) = **(/; s, a, c) + (-l) k e -™<S> k (Ff; l-s,l-c,a) 

it suffices to extend the definition of 4>fc(/;s,a, c) to apply to all (a,c) £RxR. Now 
the function $(f;s,a,c) given by (|3.26[) is well-defined for all (a,c) elxl, provided 
dt(s) < 0. When c Z, the integral representation (J3.26P converges for all s € C and 
defines $(/;s,a, c) as an entire function of s, and the same property is inherited by 
$fc(/; s, a, c), for k = 0, 1. In the remaining case c£Z and K(s) < 0, the term n = — c in 
(|3.26p contributes 

-niac f/r\\ I ™8—1j„ _ „— Ttiac »'-■> 



e- mac f(0) / x' _i da; = - e - mac f(0)-, (4.1) 



i « 



while the remaining terms define an entire function of s. The functions <&&(/; s,a, c) in 
(I3.27P have two such terms, the second with weight (— l) k . Since the right side of (|4.ip 
analytically continues to s £ C, this motivates the following definition. 
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Definition 4.1. For k = or 1, (a,c)GlxK and s G C, define for each /(» G «S(R), 



**(/;*, a, c) := /°° E e 2 ™( n+ %((n + c)x) x l 



-1 



dx 



+ (_ 1 )fc e -«(a+l-c) f^ ^ e 2«(l-a)(m+V)/(( m + l_ c ) x ) x «-l«fc: 

■'I \ m£Z / 

\m^c-l / 

-S z (c)e-^ ac (l + (-l) k )f(0)- s , (4.2) 

in which 

^z(c) = 1 if c G Z and equals otherwise . (4-3) 

For fixed a and c, the function <&(/;s, a, c) is a meromorphic function in s. It is 
holomorphic except for a possible simple pole at s = 1, which occurs if and only if /c = 0, 
c G Z and /(0) 7^ 0. We make the following definition, which in view of Lemma 13.41 
extends Definition 13.21 to (a, c) G M x R, and to all s G C. 

Definition 4.2. Let (a, c) G R x K and / G <S(R). Then for fc = 0, 1 and all s G C, 
set 

F fc (/; s, a, c) := * fc (/; a, a, c) + (-l) fc e -^ a <M^/ ; 1 - a, 1 - c, a). (4.4) 

We note that the dependence of i*fe(/; s, a, c) on the test function / is still entirely in 
the Mellin transform factor Mk(f)(s), as in Lemma 13.31 

Theorem 4.3. (Lerch Zeta Integral Functional Equations) Let (a,c) G R x R and 
/(x) G <S(R). Then the functions 

F k (f; s, a, c) := $ fc (/; s, a, c) + (-l) fc e-™$ fe (-F/; 1 - s, 1 - c, a) 

are meromorphic functions of s, having the following properties. 

(i) TTie function iq(/; s, a, c) is an entire function of s for all (a, c) G R X R. TTie 
function Fo(f;s,a,c) is an entire function of s for (a,c) G R x R with both a,c 
non-integers. Otherwise it is meromorphic, with possible simple poles at s = 0,1. 
A pole may occur at s = only if a is an integer, and at s = 1 only if c is an 
integer, with residues given by 

Res s=0 F (f;s,a,c) = -2e~ niac f(0) if c G Z, (4.5) 

Res s=1 F (f;s,a,c) = 2e niac Ff(0) if a £ Z. (4.6) 

(ii) The functions Fk(f;s,a,c) are twisted periodic in the a-variable and c-variable, 
satisfying 

F k (f;s,a + l,c) = e™F k (f;s,a,c), (4.7) 

F k (f;s,a,c+1) = e -™F k (f;s,a,c). (4.8) 

(iii) The functions F k (f;s,a,c) satisfy the functional equations 

F k (f; s, a, c) = {-l) k e~™ F k (F f ; 1 - s, 1 - c, a) . (4.9) 
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Proof, (i) For (a, c) G E x R the definition (J4.2J) gives 

F k (f;s,a,c) = S z (a) e mac (l + (-l) k )Tf(0)J— 

s — 1 

-Sx(c) e— ac (l + (-l) fc )/(0)- + R k (f;s,a,c) , 

s 

in which R k (f; s, a, c) is an entire function of s. This establishes the analytic properties 
of F k (f; s, a, c) in the s variable, 
(ii). For e = (— 1) we have 

$ fc (/ e ;«,a + l,c) = 2 J^ \^e 2 ^ a+l ^ + ^U{n + c)x)\x s - l dx 

= e™$ k (f e ;s,a,c) , (4.10) 

and, similarly, 

* Jfc (/ e ; a ,o,c+l) = 2 / 00 (^e 2ma (™ + ^ i )/ e ((n + c+l)x))x s - 1 (ix 

= e-* ia $ k (f e ;s,a,c) . (4.11) 

These identities give, using (|3.23p . 
F k (f;s,a + l,c) = F k (f e ;s,a+l,c) 

= * fc (/ e ; s, a + 1, c) + (-l) k e-^ a+1 ^(Ff e ; 1 - a, 1 - c,a + 1) 
= e 7ric $(/ e ; s, a, c) + (-l)*e~* <(a+1) e- iri(1 - c) *(J r / e ; 1 - s, 1 - c, a) 
= e 1ric F fc (/ e ;a,a,c) 
= e™F k (f;s,a,c) . 
In a similar fashion they also give 

F k (f;s,a,c+1) = e-™F k (f;s,a,c). 
(iii) We first show that 

$*(/; s, 1 - a, 1 - c) = (-l) k e^ a+1 - c ^ k (f; s, a, c) . (4.12) 

We have, for e = (— l) k , that 
* fc (/;s,l-o,l-c) = $(/ e ;s,l-o,l-c) 



2 /" ( E e 2m(1 " a)(n+ ^ £) /e((n + 1 - c)x)\ x s -\ 



1 Vnez / 

Replacing n with — n — 1 yields 

<& fe (/ e ; S) l-a,l-c) = 2 n^eMMU-f^));^^.^)]^-!^ 

Jl VnGZ / 

/oo 
J- e 2«a(n+§)^( n + c ) x ) x «-l dx 
nGZ 

= (_i)k e *<(«+l-c)£ fc(/e . s>a>c) = (-l) fc e -(^- c )cD fc ( /;S)a)C ) 
which is (|4TT2]h 
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We deduce the functional equation fj4.9|) as follows. For e = (— l) fc , we have 
Fkiff'A-s, l-c,o) = F k (Ff e ;l- s,l-c,a) 

= $ k (Ff e ; 1 - s, 1 - c, a) + (-ljV^-^tF.F/e; a, 1 - a, 1 - c) 
= (-l) fc e ™((-l) fc e -™ci> fc (^ /e; 1 - Sj 1 - c, a ) 

+ee -^(«+l-»)* Jfc (/ e ; a> l_o,l-c)) 

= (-l) fc e ™((-l) fc e -™$ fc (^/ e ; 1 - s, 1 - c, a) + * fc (/ e ; s, a, c)) 
= (-l) fc e™F fe (/ e ; S ,a,c) 
= (-l) fc e™F fc (/; S ,a,c), 
in which we used FFf t (x) = f e (—x) = ef e (x), and (|4.12p was used at the third step. ■ 

5. Extended Lerch zeta function 

We next enlarge the definition of the functions L^(s, a, c) to (a, c) £ 1 x 1, using cer- 
tain extended zeta integrals from §4. Then we use these functions to define an extended 
Lerch zeta function £*(s,a, c) to the same domain. We emphasize that this extended 
function is not obtainable by analytic continuation in the a- anc c- variables. Indeed our 
results show that these extended functions necessarily have discontinuities in the (a, c) 
variables at integer values of a and c, for some ranges of s; their virtue is that they 



preserve the twisted periodicity relations given in Theorem 12.21 

2 2 

Using the test functions (fio( x ) = e~ wx and 4>i(x) = xe~ nx we obtained in §3 for 
(a, c) S D° the relations 

L^s, a, c) = e-™ ac F k {<f) k ; s, a, c), 

where k = 0, 1 and ± = (— l) k , in (I3.36p . (I3.37p . The results of §4 now define the right 
side for all (a, c) 6 M x 1, which motivates the following definition. 

Definition 5.1. For all (a,c) GlxR and all s £ C the (extended) completed Lerch zeta 
functions Lf(s,a,c) are given by 

Lt(s,a,c) :=e-™ c F o (0o;s,a, C ), (5.1) 

L:( Sl a,c) :=e-™ c F l {(t> l -s,a,c) , (5.2) 

where the right hand sides are meromorphic functions of s G C, using Theorem 14.31 



Using this definition we reverse-engineer an extension of the Lerch zeta function 
((s,a,c) on the domain D° to a function (*(s,a, c) on (a,c) £ K x R. To do this, 
view the equation (12. ID as a pair of linear equations in ((s,a,c) and ((s, 1 — a, 1 — c), 
and eliminate C(s, 1 — a, 1 — c) to obtain 

1 ( >/ 2 - , 7r(«+l)/2 ._ \ 

C{s,a,c) = - I — -L + (s,a,c) + — ^-L (s,a,c)\, (5.3) 

which is valid for < a < 1, < c < 1, and 3?(s) > 1. The right side now extends by 
Definition EI] to all (a,c) € R x R, which motivates to the following definition. 
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Definition 5.2. For (a,c) 6lxl and s £ C, the extended Lerch zeta function C*(s, a, c) 
is denned by 

1 ( TT S / 2 ~ 7r(«+l)/2 ._ \ 

C*(«,a,c) := - I—— L+(s,a,c) + — — L # (s, a, c) 1 . (5.4) 

The function C,*(s,a,c) is clearly meromorphic in s, and it is holomorphic in C except 
for a possible simple pole at s = 1 coming from L + (s, a, c). To see this, observe that any 
pole at s = of L + (s,a, c) is cancelled by the zero of p^r at s = 0, and the remaining 
terms on the right side of (|5.4|) are entire functions. Also (|5.3p shows that for < a < 1 
and < c < 1 we have 

C*(s,a, c) = C(s,a,c) . (5.5) 

The following lemma establishes the Dirichlet series formula (|2.8p for £*(s,a, c), as well 
as formulae for L^fsja, c). 

Lemma 5.3. For D£(s) > 1 and all (a, c) £ M x R, £/tere holds 

L+(s,a,c) = vr-!r(0 K> 2 ™> + c|-*| , (5.6) 

\n^— c 



\ 

s+1 / S + 1 

L* (s,a,c) = 7T 2 r 



2 



' I nez 



(5.7) 



/ 



In consequence, on the same domain, 

Us,a,c)= J2 e 2mna (n + c)- s . (5.8) 

n+c>0 



Proof. For s £ C, evaluating Lf(s,a,c) from its definition (|5.ip . using (j4.4p and (J4.2 
yields 



2^( s > a ' c ) 






' <Jz(c) e" 2 ™ c - . (5.9) 



s — 1 s 

Since 3ft(s) > 1 the 5^(a)-term may be absorbed as n = a in the second integral. Applying 
Poisson summation (|3.32p to the second integral and letting x = ^ yields, for 3ft(s) > 1, 

f°° (^ e 2*ic(n-a) e -ir(n-a)*y> \ y -»d y = f I ^ e 2 ™" e -^+ c ) 2 ^ \ x^dx 



+ fe(c)e- 2 ™ c / y^dy . (5.10) 

Jo 
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The last integral is ~ when 3ft(s) > 0, and substituting this in (|5.9p yields 



-Lt(s,a,c) 



I" E e 2man e-^ n+c ^ x2 x s ~ l dx , 



in which the pole terms at s = when c £ Z cancel out. Since K(s) > 1 we can 
interchange summation with the integral, and using the change of variables y = \n + c\x 
yields (pTBT) . 

We can perform a similar sequence of steps on L~(s,a,c) starting from 

-L-(s, a,c) = f°° I J^ e 2nian (n + C ) e -^KH=) 2 * 2 ) x »dx 

2 Jl \n& J 

~ { j^ (X] e2 " ic(n ~ a) ( n - a ) e ~" (n ~ a)2|/ jy^ s dy, (5.11) 

VnSZ / 

which is valid for s £ C, to obtain (|5.T[) . Substituting these two formulas in the definition 
dSHD of C*(s,a,c) yields (|5^|l . ■ 

We now deduce Theorem 12.21 from Theorem 14.31 with special test functions. 

Proof of Theorem 12.21 Using Lemma 15.31 we see that for 3ft(s) > 1 the definition 15.21 
for C*( s i a i c) agrees with the formula (|2.8p . 

C*(s,a,c) = Yl e 2mna (n + c)~ s . 

n+c>0 

For K(s) > 1 this function is manifestly discontinuous in the c-variable, it jumps when c 
is an integer. In particular, when 3ft(s) > 1, we observe that 

C*(s,a,c+1)= Yl e 2nina (n + c+l)- s = e~ 277ia £ e 2 ™(m + C n s , 

n+c+l>0 m+c>0 

which is a special case of property (ii). 

Properties (i) - (iii) of Theorem 12.21 follow using definition 15.21 by simple calculations 
from properties (i) and (ii) of Theorem 14.31 applied to the test functions 4>o(x) = e~ wx 
and 4>\ (x) = xe~ nx . The changes in the form of the twisted periodicity (ii) and the 
functional equation (iii) compared to those in Theorem 14.31 come from the e~ mac factor 
mLf(s,a,c) = e _,riac F fc ((fo.; s, a, c), for A; = 0,1, with ± = (-l) k . ■ 

We conclude this section by deducing Lerch's transformation formula for the extended 
Lerch zeta function £*(1 — s,a,c) from Theorem 12.21 



Theorem 5.4. (Extended Lerch's transformation formula) For (a,c) £ M x 1 and all 

s£C, 

C*(l - s, a, c) = (27r)- s T(s) {e^e- 2 ™ c C*(s, 1 - c, a) + e^e 2 ^ 1 ^^, c, 1 - a)} . 

(5.12) 
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Proof. We combine the functional equations of L^(s,a,c) to eliminate one term. We 
obtain 



l-s ,1 „. 2- 



+e 2 " c ( ?r " V ^ff ) - i ^^ .(l " ', c, 1 - a)}. (5.13) 

Then, replacing s by 1 — s throughout and judiciously applying the two gamma function 
identities 



and 



eventually yields (|5.12p . 



r(s)r(l - s) = -^— (5.14) 

sm7rs 



r (I) r i^r) = ^ 2 ^ s ns) (5.i5) 



6. Boundary cases of functional equation 

In this section we study the behavior of £*(s,a, c) as (a,c) moves from the interior 
of the unit square to the boundary, for fixed s; these formulas extract terms producing 
discontinuities at these boundaries, whose nature depends on the value of Sft(s). 

Theorem 6.1. (Lerch Boundary Limits) For fixed s £ C \ Z and (a,c) £ D° ; the 
following hold. 

(i) For < a' < 1 and (a,c) -)• (a', 1~), 

C*(s,a,c) -)■ C*(s,a',l). (6.1) 

(ii) For < a' < 1 and (o,c) -> (o',0 + ), 

C*(s,a,c)-c" s -»■ C(s,a',0). (6.2) 

(iii) For < c' < 1 and (a, c) ->• (l - ,^), 



s-l . 



iTr^rfi^) 



C*( W ) - ^ _, r V a 2 / (l-«oatH) e ^(i- a )c (1 _ ar i (6 . 3) 

2 7T 2 r(§) V 2 J 

-)■ C*(s, l,c). 



(iv) For < c' < 1 and (a, c) -»• (0+, c'), 



s-l . 



C«(M,c)- f 'J}/? (l + icot^)e- 2 ™ c a s - 1 -► C*M,c'). (6.4) 

2 vr 2r(f) V 2/ 

Furthermore (i) and (ii) are valid for integer s < 0, w/ii/e (mj and (wj are ua/id /or 
integer s > 1. 

To prove this result we begin with a preliminary lemma. 
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Lemma 6.2. For < t < oo and s £ C, 

I" e-* t2x2 x s - l dx = --e~^ 2 + vr- s / 2 r (|) t~ s + h{t, s) , (6.5) 

where h(t, s) is continuous in t and meromorphic for s £ C, with poles only at s £ 
{0, -2, -4, ...}, and for s 2Z< , 



lim h(t,s) =0. (6.6) 

t-i-0+ 



Under the same conditions 



te-^^x'dx = tt-^T (^^) t- s + k(t, s), (6.7) 

where k(t, s) is continuous in t and meromorphic in s £ C, with poles only at s £ 
{— 1, —3, —5, ...}, and for s £ — 1 + 2Z<o, 

lim k(t,s) = 0. (6.8) 

t-»-o+ 



Proof. It suffices to prove the statement in (16. 6p for s £ C \ 2Z<o since both sides of 
(|6.5p are meromorphic in s. Let m £ Z>o be such that 3ft(s + 2m) > 0. Integrating by 
parts repeatedly gives 



"* °° 27r * 2 f°° -nt 2 x 2 s+l , 



e-^V" 1 ^ = e -* 2 - 2 - 



•s 



1 s Ji 



e~^ 2 2vrt 2 f°° 



+ — / e"*' x V +1 da; 



(2vr) fc t 2fc e— * 2 



E 



q s ( s + 2 ) . . . (s + 2k) 

(')T T \m+lf2m+2 roo 

1 ~ ,l) ' . _ / ^-nt 2 x 2 x s+2m+l^ x 



s(s + 2) ■ ■ ■ (s + 2m) J 1 

Now write the last integral as f °° — L and note that L e~ nt x x s+2m+1 dx converges 
absolutely since 5R(s + 2m + 1) > 0. We obtain 

99 1 9 (0 7r \m+lf2m+2 roo 

-irt 2 x 2 s-l i _ C -Kt 2 > h {, \ . l z7r J 6 / -iri 2 ic2 s+2m+l. 



s V ' ; s(s + 2) • • • (s + 2m) J 

(6.9) 

where we define 

y ' ^ s(s + 2) • • • (s + 2j) s(s + 2) • • • (s + 2m) 7 

(6.10) 
Using the change of variable y = tx, we can rewrite the last term in (j6.9|) as 

0- 7r \m+lf2m+2 roo m+l-t-s roo j 

U "' ' / --nt 2 x x s + 2m + 1 a ] x / e -^V s+2m+2 < fy_ 



s(s + 2)---(s + 2m)J |(| + i)...(| + m )7 - y 



l( i+ l)...(l +m ) 

vr-frQt-, (6.11) 
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where we repeatedly used sT(s) = T(s + 1). The definition ()6.10p is valid for < t < oo 
and defines h(t, s) as a meromorphic function for 3?(s + 2m + 1) > 0, and (|6.1ip shows 
that the definition of h(t, s) is independent of m. It follows that h(t, s) is meromorphic 
for s S C with possible poles at s £ 2Z<o- For fixed s 2Z<o it is continuous in t, and 
satisfies 

h(0,s)=0. (6.12) 

Now (EH) and lim h(t,s) = follow from (l6T9l) - (l6TT2lh 

We obtain the second formula (|6,7p from (|6.5p by multiplying by t, replacing s with 
s + 1 and setting 

fe(i, s ) : = (- 1 /i(t, s + 1) 

s + 1 



as the remainder term in (|6,7p . This function is continuous in £ for < t < oo and 
fc(0, s) = 0, except possibly for s £ 1 + 2Z<_i. ■ 

Proof of Theorem 16.11 We define 

Lo(s,a,c) : 



f°° Yl e 2 ™ n e-^ (n+c)2a;2 x s - l dx 

\n^0,-l / 




e< mcln-oj e -irlt*-aj y y-'fy (6.13) 



and 



/•OO 

Lf(s,a,c) ■= Yl e 27Tian (n + c)e-^ n+c)2x2 x s dx 



n^0,-l 



/^ S e 2wic(n - a) (n-a)e- 
•'1 \ nez 

\n^0,l 



ir(n— a) 2 y 2 I 1— s 



y 1 -^. (6.14) 



It is easy to see that Lq (s,a, c) and Lf(s,a,c) are entire functions in s and are jointly 
continuous in (a,c) for (a, c) G ( — 1,2) x (—1,2). For < a < 1 and < c < 1 we have, 
by definition, 

/OO /'OO 

/OO /'OO 

e -2vriac p -7ra 2 j/ 2 7/ -s A/ ^_ / p 27ric(l-a) /=) -7r(l-a) 2 j/ 2 1/ -s 

and 



+ / e -^^ e -™ j, y -« dy+ I e -«ricii-a; e -irix-aj J/ j,"^ (6.15) 



/OO /"OO 

aT'^'Vcto + / e~ 2ma {c - ly-*^ 1 ^* 2 x s dx 

/"OO /"OO 

-i / e- 2 ** ,c (-o)e- ,roV y 1 - 8 dy - » / e 2 ™ c(1 - a) (1 - a)e~< 1 - a) * a y 1 -'dy(p.l6) 



l ji 
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We evaluate C*(s,a, c) using the formula 

, f s 1 ( L+(s,a,c) L~(s,a,c) \ 

C*(s,a,c) = - _ + . (6.17) 

2 ^vr »r(s/2) vr-— r(i±^)y 

When considering the limit of L^(s,a, c) as (a, c) approaches a point (a',cf) on the 
boundary of □, only those integrals on the right side of (|6,15p (resp. (|6.16p ) in which 
the exponential function has exponent approaching can introduce discontinuities. We 
call these the bad terms. All the remaining terms converge to the corresponding terms 
in L^(s, a', c') in (|5.9p and are represented by the corresponding integrals. At the point 
(a',c') the bad term in £*(s,a',d) is replaced by the quantity 

i p—2iria'c' 

fo(a') - fe(c') . (6.18) 

s — 1 s 

The problem is that for certain s the bad terms do not always continuously approach 

these values as (a,c) — > (a',c'). 

Case I (c=l). (a',c') = (a', 1) with < a' < 1. 

There is exactly one bad term in L + (s, a, c), namely e~ 2ma f^° e~ 7T ( l ~ c > x x s ~ 1 dx. For 
it Lemma HOI gives, for s G C \ 2Z<q, 



2 ™ ' ^-^C 1 " ) * x s ~ x dx = - e - 2nia - +vr-fr (-) e' 27Tia (l-c)- s +e- 27Tia h(l-c,s) 



-tt(I-c) 2 

...... . - n i-c r *- x s-t dx = _ e -^:_ 

J 1 s V2/ 

(6.19) 

with /i(l — c, s) — 7- as c — >• 0. As (a,c) —> (a',1), the first term on the right side 

converges to — , and the last term converges to zero. 

There is one bad term in L~(s,a,c), and for it Lemma 16.21 gives, for s£C\ {—1 + 

2Z <0 }, 

e~ 2nia r(c-l)e-^ c - 1 ^ x \ s dx = -n-^r(^^)e- 2 ^%l-c)- s + e- 27Tia k(l-c,s), 

(6.20) 
where k(l — c,s) — > as c — > 1. When these formulas are substituted in ()6.17f) . the 
middle term on the right side of (|6.19j) cancels with the gamma-factor term on the right 
side of (163(1 . This yields (|B1]> . when s G C \ Z< . 
Case i7. (c=0). (a',c') = (a',0) with < a' < 1. 

Here L + (s,a,c) has a single bad term, for which Lemma 16.21 gives, for s G C \ 2Z<o, 

e-™ 2 ./a 



s V2/ 

As (a, c) — >■ (a', 0) the first term on the right converges to the constant — , and the last 
term converges to zero. The middle term, when substituted in (|6,17p . contributes 2 C ~ S 
to the right side of (|6.17|) . 

Now L~(s, a, c) has a single bad term, and a similar analysis shows, for s G C \ {—1 + 
2Z<o}, that it also contributes \c~ s to the right side of (|6.17|) . Put together, we obtain 
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as (a, c) — > (a', + ), 

C(sac)-c- s - 1 ( l+ ( s ' a ' c ) c -\ | 1 ( L-(s,a,c) \ 

-> C*(s,a',0), 

which is ()6.2p . when s £ C \ Z<q. 

Case /// fa=ij. (a', c') = (1, c'), with < d < 1. 

There is one bad term in L + (s, a, c), which using Lemma 16.21 is. for 1 — s £ C \ 2Z<o, 



oo — 7r(l— a) 2 
e 2Tric(l-a) e -Tr(l-a) 2 y 2 -sj _ _ e 2vric(l-a) f 

1 !-« 

+^-V r (^) e 2 ' ric ( 1 - a )(l - a) 5 " 1 + e^i-a)/^ - a, 1 - s) . 

As (a, c) — > (1, c') the first term on the right side converges to the constant -^-j-, and the 
last term vanishes. There is one bad term in L~(s,a,c), which using Lemma 16.21 is. for 

l-sGC\{-l + 2Z< }, 



oo 



2-8 



- ie 27vic{1 - a) k(l-a,l-s), 

in which the second term on the right side vanishes as (a,c) — > (1, e/). Substituting 
these into (|6.17j) . and subtracting off the remaining two terms of the right sides yields, 
as (a, c) — > (1, c'), 

C,(a,o,c)-7(s)e 2rtc(1 - a) (l-o)- 1 -> C*M,c'), (6.22) 

in which 

7W -i(f±EM_£^EM , | (6 23) 

_ '""n »- f r(i) V*r(«ti)J- ( ' 

Using the identity ffg^ = ^|p cot ^, the formulas (|5351) and (15331) yield (|6TB]) . for 
s£C\ Z>i. 

Case 77 fa=0,). (a',*/) = (0,c'), with < c' < 1. 
This case is parallel to case III. ■ 

It is clear from the proof above that the case when (a, c) tends to a corner of the unit 
square can be handled in a similar fashion, except that each of L + (s, a, c) and L~(s, a, c) 
now have two bad terms which must be taken into account. The result for this case is 
as follows. 

Theorem 6.3. (Lerch Corner Limits) For fixed s£C\Z and (a, c) £ D° the following 
hold. 

(i) 4s(a,c)-+(l-,l-), 

1 — s -i 

C.(W) - ~ ~ \l { ^ ) (l-icab^.)^ 1 - a Hl-ay- 1 ^Us,l,l). 
2 7T ar(f) v 2 y 
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(ii) As(o,c)->(0+,1-), 

&(«>«> c ) - \ - 2 J}j~ ] (l + teat ^W 2 "^'- 1 ->&(*, 0,1)- 

2 7T 2 r(|) v 2 / 

(iii) 4s (a,c) -> (1 _ ,0+), 
C*(w) - (c- + l!LT£Sl(l-i cot H) e^d-)«(l - a) 8 " 1 ] -+ &(*, 1,0) 
(iv) As (a,c) ->• (0+,0+), 



1-s 



C*(s,a,c) - (c-^ + i 7 " yVP (l + icot^e- 2 ™^ 3 - 1 ) -> C*M,0). 



2 vr-fr(f) V 2 

Proof. The details are similar to those of Theorem 16.11 we omit them. Note that the 
limits on the right in cases (i) - (iv) are all C( s )) since 

C*(a,0,0) = C*(«,0,l) = C.(s,l,0) = C*(«,l,l) = C(*). 
The limits above are also valid when s is a negative odd integer. ■ 

We now deduce Theorem 12.31 using Theorem 16.11 and 16.31 

Proof of Theorem 12.31 We apply Theorems 16.11 and 16.31 for the case s G C \ Z, and 
treat remaining case s S Z separately. 

Suppose that s G C \ Z. Theorem I6.1l fi) gives a continuous extension to the edge 
c = 1, < a' < 1 for all s £ C. Theorem I6.1f ii) gives a continuous extension to the 
edge c = 0, < a' < 1 exactly when c~ s continuously extends, which is when 3?(s) < 0. 
Theorem I6.1( iii) gives a continuous extension to the edge a = l,0<c'<l exactly 
when (1 — a) s_1 continuously extends, which is when 9ft(s) > 1. Theorem 16 .ll fiv) gives 
a continuous extension to the edge a = 0, < d < 1 exactly when a s_1 continuously 
extends, which is when K(s) > 1. Theorem 16.31 covers the four corners similarly giving a 
continuous extension to the two corners (a',d) = (0, 1) and (1, 1) when 3?(s) > 1 and in 
no other cases. 

Now suppose that s = ra G Z. If m > 2 then we are in the region of absolute 
convergence of the Dirichlet series 

oo 

C(s, a, c) = c - s + ^2 e 2 ™> + c)- s , (6.24) 

n=l 

so we get a continuous extension of the sum in the right side of (|6.24p to □. The term 

c~ s produces a discontinuity on the side c = 0, including the two corners. The case 

m < —1 is handled using Lerch's transformation formula (|5.12|) . setting 1 — s = m. Then 

s = \m\ + 1 in (|5.12p so the right side has absolutely convergent Dirichlet series, which are 

continuous except for two terms producing discontinuities along the lines a = 0, a = 1 

and the four corners. 

Next suppose that s = 1. When a' = or 1 the function C*(s, a', c) has a pole at s = 1, 

so C*(s,a, c) diverges as (a, c) — >■ (0, d) or (l,c'). For s = 1 and (a,c) S D° the sum in 
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(|6.24p conditionally converges, uniformly in e < a < 1 — e, while the term c~ s diverges 
as c — > + . Thus there is no continuous extension to any point on the line d = 0. There 
is however a continuous extension to the line d = 1, < a' < 1, by the same reasoning. 
The remaining case is s = 0. The Lerch transformation formula f)5. 12(1 for s = 1 
expresses C*(0> a, c) on the lines a = and a = 1 as a linear combination of C*(l, 1 — c, o) 
and C*(1j c > 1 ~~ a ); with both coefficients nonzero. One of these has a continuous exten- 
sion to the boundary and the other doesn't, so their sum never does. We conclude from 
Theorem I6.1f i).(ii) and the holomorphicity of £*(s,a,c) at s = that £*((), a, c) has a 
continuous extension to the line c = 1, but not to the line c = and not at the four 
corners of the square. ■ 



7. Renormalized Lerch functions 

Theorem 16.11 and Theorem 16.31 provide a way to restore continuity on the boundary 
of the unit square □ for the functions L^(s,a,c) by "renormalizing" the functions with 
correction terms, for s € C \ Z, as follows. This renormalization is most easily expressed 
using the following functions. 

Definition 7.1. The Tate gamma functions 7 (s), sometimes called Gelfand-Graev 
gamma functions, are given by 

7 i-( g ) :- - - '■■•> — 



These functions were introduced in Tate's thesis [42, p. 317] as normalizing factors in 
local functional equations at the real place, see also Burnol p. 822]. They satisy the 
identities 

7 ± (s)7 ± (l-s) = l for seC. (7.1) 

The functions 7 (1 — s) = 7 (s) _1 have a "scattering matrix" interpretation, given in 
Burnol [H Sec. 5]. These functions are present in various formulas in §5, where (|6.23j) 
can be rewritten 

7(s) = ^(7 + (l-s)-*7-(l-s)), (7.2) 



and the functions 7 ± (1 — s) appear in formulas of Theorem! 

Definition 7.2. Let s G C \ Z, and k = or 1. Write (— l) k = ± and define for 

(a, c) G D° the renormalized Lerch functions 

L R ^(s, a, c) := £,*(«, a, c) - 5 ± (s, a, c), (7.3) 

obtained from L (s, a, c) by removing the "correction term" 

S ± {s,a,c) := {c- s + (-l) k e- 27via (l-c)- s } 

+ i fc 7 ± (l-s){e" 2 ™ c a s " 1 + (-l) fe e 2 "( 1 - a ) c (l-a)^ 1 }, (7.4) 

in which 7 (s) denotes the Tate gamma function given in definition 17.11 
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The function S (s,a,c) embodies the total contribution of the "bad terms". This 
definition cannot be further extended to s £ Z, because for each integer s at least one of 
the gamma factors in S (s, a, c) has a pole. However this definition does further extend 
in the (a, c)-variables to (a, c) £ (R \ Z) x (M \ Z). 

Theorem 7.3. (Renormalized Lerch Zeta Functions) 

(1) For fixed s £ C\Z the "renormalized" functions L • (s,a,c) continuously extend 
to the closed unit square □ in the (a, c) variables. 

(2) For fixed (a,c) £ □ £/ie "renormalized "functions L- R,± (s, o, c) are meromorphic 
functions in s having at most simple poles, with all poles in the set Z. 

(3) For all s £ C \ Z and (a, c) £ □ the completed "renormalized" functions 

satisfy the functional equations 

L R ' ± (s, a, c) = w±e- 2 ™ ac L R > ± {l - s, 1 - c, a), (7.5) 

with w+ = 1 , W- = i . 

Remark. This effect of this "renormalization" is to remove the singularities on the 
boundary of the unit square. However the "renormalized" functions L- R,± (s, o, c), when 
extended to (a, c) £ (R \ Z) x (K. \ Z), still have singularities at all integer values of a 
or c other than or 1. 

Proof. For each fixed (a, c) £ D° the functions S (s, a, c) are meromorphic functions of 
s, with simple poles confined to s £ Z. Theorem 12.21 states that ^{s^a^c) also has this 
property, with pole set confined to s £ {0, 1}. Thus L R,± (s,a,c) inherits this property 
for {a,c) £D°. 

The functional equation (17. 5h for (a, c) £ D° is inherited from the fact that L (s, a, c) 
satisfies this functional equation (Theorem 12. 2p . as does the completed "renormalizing" 
function ^(s^jc) := ir~(^~>T (^j— ) £ (s, a, c). Indeed one easily verifies the relation 

S±(s, a, c) = iV 2 ™^! - s, 1 - c, a). (7.6) 

We now establish that a continuous extension to the boundary of □ exists for the case 
L ,+ (s,a,c); we omit details for the case L ~{s,a,c), which is similar. In terms of the 
expression in Theorems 16.11 and 16. 3\ we can write 

L R ' + (s, a, c) = A(s, a, c) + B(s, a, c) , (7.7) 

in which 

A(s,a,c) := ((s,a,c) — c~ s 

-i 7 +(l - s){(l + tcot f )e~ 27Tiac a s - 1 + (1 -teat ^)e 2ffi ( 1 -°) c (l - a) 8 - 1 }, (7.8) 

B(s,a,c) := e" 2 ™C(s, 1 - a, 1 - c) - e" 2 ^ a (l - c)- s 

-i 7 +(l - s){(l -tcot ^)e- 2 ™ c a s - 1 + (1 + tcot Z^) e 2^(l-a)c( 1 _ a ) S -l} ( 79 ) 
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~i r( -\ 
where 7 + (s) = — ^^ — — — . Since s G - Z none of the T-factors or cot ^ have poles. In 

addition C( s >°> c ) = C*( s > a > c ) f° r ( a > c ) £ D°, so that Theorem 16.11 applies. We claim 
that A(s, a, c) continuously extends to the boundary for s G C \ Z. To see this, when 
approaching the line c = 1, < a' < 1, the function £*(l,a, c) continuously extends to it 
by Theorem 16, lf i). and the other three terms on the right side of (|7.8p also continuously 
extend there. When approaching the line c = 0, < a' < 1, the term ((s,a,c) — c~ s 
continuously extends by Theorem 16.1( h) , while the other two terms on the right side 
of (|7.8p are continuous there. When approaching the line a = 1, < d < 1, the term 
C*(s,a,c) — ^7 + (l — s)(l — icot 2 ^)e 27r ^ 1_a ) c (l — a) s_1 has a continuous extension by 
Theorem I6.1f ih) and the other two terms are continuous there. Approaching the line 
a = 0, < d < 1, the term (*(s,a,c) - ±7+(l - s)(l + icot ^)e" 27riac a s - 1 has a 
continuous extension by Theorem 16. If iv) and the other two terms are continuous there. 
To get continuity at the four corners of □, Theorem 16.31 is invoked in a similar fashion. 
This proves the claim. 

In a similar fashion one proves that B(s,a,c) continuously extends to the boundary 
of □ when s G C \ Z. Now (j7.7|) gives a continuous extension of L ' + (s, a, c) to □. 

The continuous extension to □ implies that the functional equation (|7.5p continues to 
hold on the boundary (a, c) G <9D = □ \ D°. It remains to establish that for (a, c) G <9D 
the extended functions L ' (s, a, c) are meromorphic functions of s G C, having at most 
simple poles for s G Z. The crucial fact needed to do this is that the difference functions 
obtained from subtracting off the "bad terms" are meromorphic in s, which is the con- 
tent of Lemma 16.21 we omit details. ■ 



We now apply Theorem 17.31 to deduce Theorem 12.44 which answers the question: 
For which values s G C do the functions L (s,a,c) belong to L p (D,da dc), for fixed 
1 < V < 2? 

Proof of Theorem 12.41 We treat first the case of s G C \ Z. Theorem 17.31 asserts that 
the functions L • • (s,a,c) are continuous on the unit square (except for integral s), so 
the property of belonging to L p (d, dadc) for L ± (s, a, c) is completely determined by the 
behavior of the "correction" functions S (s,a,c), and similarly for linear combinations 
F s (a,c) = c±L + (s,a,c) + C2L~(s,a,c) G £ s . It then suffices to prove the result for the 
completed functions L (s,o, c), because the gamma factors take finite nonzero values 
there. 

Suppose first that 1 < p < 2. In any linear combination F s (a,c), one of the pair 
of correction terms c~ s and e~ 2ma (l — c)~ s has a nonzero coefficient, and one of the 
pair of correction terms e~ 2mac a s ~ l , and e 27ri ( 1_a ) c (l — a) s_1 has a nonzero coefficient. 
Furthermore the singularities of each of these terms cannot be cancelled by any linear 
combination of the other three terms. All functions in both pairs belong to L P (\D, da dc) 
for 1 — - < 3ft(s) < -; thus all linear combinations of L^(s, a, c) belong to L P (\I\, da dc) in 
this region. Each of the first pair c~ s and e~ 2ma (l — c)~ s does not belong to L P (D, da dc) 
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for §ft(s) > -, and each of the second pair e~ 2mac a s ~ 1 , and e 2m 0-~ a ) c {\ _ a ) s ~ l does not 

belong to L p (0,dadc) for 3?(s) < 1 , hence all nonzero linear combinations F s (a,c) 

do not belong to L p (\H,da dc) for 3J(s) < 1 — ^ and for 3£(s) > jjj, for non-integral s. 

To treat the case p > 2, it suffices to show the result for p = 2, since L p (D,dadc) C 
-L 2 (D,dadc) if p > 2. We note that each of c~ s and e~ 2nta (l — c)~ s does not belong to 
L 2 (U,da dc) for »(a) > ±, and each of e- 27riac a s_1 , and e 2 ^ 1 "^^ _ )«-i does not 
belong to L 2 (J3,da dc) for 3J(s) < 2- As above, we conclude that no nonzero F s (a, c) 
belongs to L 2 (d, dadc), for all s £ C \ Z. Thus assertions (1) and (2) are verified in this 
case. 

It remains to consider the case where s£Z. We now observe that the Dirichlet series 
for L^(s,a,c) — |c|~ s — (—l) k e~ 2ma \l — c\~ s converges conditionally for 3?(s) > and 
defines a continuous function on D° U {(a, 0) : < a < 1} U {(a, 1) : < a < 1}. As the 
edges c = and c = 1 are approached, the growth of the functions |c|~ s and |1 — c\~ s puts 
the functions L (s, a, c) not in L p ([8, 1—8] x [0, 1], da dc) for any (5 > and 3?(s) > 1. This 
includes s = 1,2,3, ..., so L (s,a,c) ^ L p (D,da dc) for s = 1,2,3... The same argument 
applies to exclude membership in L 2 (\3,da dc) for s = 1,2,3.... All nonzero linear 
combinations of these functions are excluded similarly, since it is not possible to cancel 
both terms |c|~ s and 1 1 — c| s in any linear combination. Finally, a similar argument for 
s = 0,-1,-2,... excludes all nonzero linear combinations of e~ 2mac L (l — s, 1 — c, a) from 
membership in L p (\D,da dc) for 1 < p < 2, since these functions have a Dirichlet series 
expansion absolutely convergent in 3?(s) < and conditionally convergent in 5ft(s) < 1, 
inside d°. ■ 

8. WEYL ALGEBRA ACTION 

The Tate viewpoint on the functional equation uses test functions drawn from the 
Schwartz space S = <S(R). The Schwartz space is closed under the action of the Weyl 
algebra Ai := C[x, ^-], and carries a (smooth) representation of the Weyl algebra acting 
as linear operators on S. The Mellin transform intertwines the Weyl algebra action with 
an action on functions in the s-variable given by difference operators. We use this to 
define for integer n > an infinite family L n (s, a, c) of generalized Lerch zeta functions 
with functional equation, associated to the oscillator representation, whose first two 
members for n = 0, 1 are L + (s,a,c) and L~(s,a,c), respectively. 

The Weyl algebra is the universal enveloping algebra U(h^) of the real Heisenberg Lie 
algebra hjj. Here the real Heisenberg Lie algebra is the three-dimensional real Lie algebra 

h R :=R[I,x,-^]=R[I,D+,D-] , (8.1) 



in which 



D+ :- v '2;r f X - ^^ ) and D_ := V^ (x + ^^ ) . (8.2) 



Its commutation relations on the generators /, D+, D— are 

[D+,D-] = -21 and [D+, I] = [D_,/] = . (8.3) 
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The Mellin transforms Ai k acting on even and odd Schwartz functions serve as inter- 
twining operators to carry the Weyl algebra action on functions on M* over to function 
spaces in the s-variable. 

Lemma 8.1. The Weyl algebra Ai acts on the two-sided Mellin transforms A4 k of 
f € S, with k = 0, 1 (mod 2), as difference operators in the s-variable, as follows: 

Mk{ % ){8) = -( s - l ) M k+iU)(s-l) , (8.4) 

M k (xf(x))(s) = M k +i(f)(8 + l) . (8.5) 

As a consequence, 

dx 2 



Mk(-^)(s) = (s-l)(s-2)M k (f)(s-2) , (8.6) 



M k (x^-)(s) = -sM k (f)(s) , (8.7) 

M k (x 2 f(x))(s) = M k {f)(s + 2) . (8.8) 

Proof. Integration by parts gives 

/°° dr 

f(x)(sgnx) k+1 \x\ s - 1 f, 

= -( s -l).M fe+1 (/)( s -l). (8.9) 

The calculation (I8.5P is immediate. The remaining three identities follow by substitu- 
tion. ■ 

We consider the Weyl algebra action on the eigenfunctions of the one-dimensional 
harmonic oscillator Hamiltonian 

H:=I( D+D _ +D _P + ) = -^ + 2^. 

We work in the infinite-dimensional vector space 

S = C[x\e-™ 2 C S, 
which is closed under the action of the Weyl algebra. Here 

S o = 0C[<U (8.10) 

n>0 

where the <f> n are a basis of eigenfunctions of H, given by 4>o(x) = e~ 7TX and 

<j> n (x) ■= D n + (Mx)) = Dl(e~™ 2 ), (8.11) 

The functions 4> n (x) are explicitly given by 

<t) n {x) = 2- n / 2 H n (V2^x)e-™\ (8.12) 
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in which H n {x) are the Hermite polynomials 

H n (x) = (-ire* 2 £^(e-* 2 ). (8.13) 

The functions 4> n {x) satisfy the (time-independent) Schrodinger equation 

1 d 2 

H</>„ = ("^^2 + 2 ™ 2 )4>n = (2n + \)4> n . (8.14) 

The operators D + and Z?_ are called raising and lowering operators, due to the relations 
D + (p n = <f> n+ i,D-<f) n = 2n<j) n -i. The Fourier transform (|3.3p acts compatibly with the 
raising operator 

F{D + f) = -iD + {Ff), all feS, (8.15) 

cf. Bump and Ng [51 p. 198]. (Bump and Ng use the convention Ff (y) = J*^° f(x)e 2mxy dx, 
so that (I8.15P differs by a sign change from their equation (1.4).) Since <po = F(f>o, we 
obtain from (18. llf) by induction on n that 

?<j)n(x) = (-i) n cj> n {x) , n > . (8.16) 

Bump, Choi, Kurlberg, and Vaaler [4] prove the following results. 

Proposition 8.2. For n > the Mellin transforms of <fi n (x) satisfy 

M Q {4>2n{x)){s) = 7T-f r (|) Pn (s), (8.17) 

Mi{<p 2 n+i{x))(s) = y^vr-^r [^-\ Qn(s), (8.18) 

in which p n {s) and q n (s) are real polynomials of degree n. These polynomials satisfy the 
functional equations 

P n(l-S) = (-l) n Pn (s), n>0, 

q n (l-s) = (-l) n q n (s), n>0. (8.19) 

The zeros of p n {s), q n (s) all lie on the critical line K(s) = 1/2. 

Proof. This is proved in Bump et al. [H Theorem 1]. The last assertion of this lemma 
is the "local Riemann hypothesis" studied in Bump and Ng [5], Bump et al [1], Kurl- 
berg [2"T] . and Qlofsson[37]. ■ 

Lemma 18. II yields recursion relations for the polynomials p n (s) and q n (s), namely 
M k {<t>n+i){s) = M k (D + <p n )(s) = V2^M k+1 ((j) n )(s + 1) + -=(« - l)M k +i (<Pn) (s - 1), 

V Z7T 



(8.20) 
where subscripts in M.^ are given (mod 2). From this one readily finds that the polyno- 
mials p n and q n satisfy po(s) = qo(s) = 1 and 

Pn+l(s) = sq n {s + l) + (s-l)q n (s-l), (8.21) 

q n +i(s) = p n+1 (s + l) +p n+ i(s - 1). (8.22) 

These in turn imply that p n (x), q n (x) G Z[x]. The first few polynomials p n (x) and q n (x) 
are given in Table 1. 
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n 


Pn(s) 


Qn(s) 







1 




1 


1 




2s -1 




4s -2 


2 




8s 2 - 8s + 6 




16s 2 - 16s + 22 


3 




32s 3 - 16s 2 + 92s - 54 




64s 3 - 32s 2 + 376s - 140 


4 


128s 4 - 


- 128s 3 + 1360s 2 - 976s + 612 


256s 4 - 


- 256s 3 + 4256s 2 - 2720s + 4200 



Table 1. Values of p n {s) and q n (s). 



From (|8.2ip and (|8.22p we deduce that that these polynomials satisfy the three-term 
recurrence relations 



Pn+l(s) = Sp n (s + 2) + (2s - l)p„(s) + (s - l)p n (s - 2) 



.23) 



and 



q n+1 (s) = (s + l)q n (s + 2) + (2s - l)q n (s) + (s - 2)q n {s - 2) . (8.24) 

Three-term recurrence relations are associated to orthogonal polynomials, with respect 
to a suitable measure, which is explicitly given in the following result. 



Proposition 8.3. (Orthogonal polynomials) For n > the polynomials 

P n {x) :=p n {- +ix) 



5.25) 



are orthogonal polynomials with respect to the measure |T(j + ^)\ 2 dx on the real x-axis. 
For n > 0, the polynomials 



Q n (x) := q n (- + ix) 



.26) 



are orthogonal polynomials with respect to the measure |T(| + ^^dx on the real x-axis. 

Proof. This was observed by Bump et al.[H pp. 3- 4]. These polynomials are certain 
Meixner-Pollaczek polynomials Pn (x; 9), in the notation of Koelink and Swarttouw [20^ 
Sect. 1.7]. Namely, 



P„(*) = i#>(f;f):=<f 



i n 2 F 1 (-n,- + -;-;2), 



and 



Q n {x) = P^'{ 



(!) ^;-):=^ 2 Fi(-n,^ + ^;^2). 
2' 2' (n! v 4 2 2' ; 



Here the rising factorial (A) n := A(A + 1) • • • (A + n — 1), see also Kutznetsov [22 



The Mellin transform and the multiplicative averaging operator A a ' c given in definition 
13.11 map the infinite dimensional vector space So to a vector space V a , c of functions in 
the s-variable, via 

^(x)^M(A a ^])(s). (8.27) 

This map is an intertwining map defining a Weyl algebra action on the vector space V a}C . 
The image of the Hermite basis under this intertwining gives a basis of the vector space 
V ac , which we show below is expressible in terms of Lerch zeta functions. 
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Definition 8.4. For each n £ Z>o and fixed (a, c) G d° the generalized (completed) 
Lerch zeta function L n (s, a, c) is 

L n (*,a,c) := ^l-^M(2A a ' c [ct> n })(s) 



I f°° ( 

bW \Y J K{ijn^c)x)e 

' \m6Z 



(2^W 2 Jo \ ^ ^ ' ' ) 



x s ~ 1 dx. (8.28) 



Note that for n = 0, 1 the function Lo(s,a,c) = L + (s,a,c) and Li(s,a, c) = L~(s,a,c). 
The generalized Lerch zeta functions L n (s, a, c) defined using the Hermite basis functions 
(f) n have a simple relation to the functions L^(s,a,c), and satisfy similar functional 
equations, as follows. 

Theorem 8.5. For each n £ Z>o and fixed real (a,c) with < a,c < 1 the generalized 
(completed) Lerch zeta function 

1 2 f°° 

L n (s,a,c) := -^-^M{2A a > c [ct> n ])(s) =-p| A a ^ n ](x) x s ~ l dx (8.29) 

extend to entire functions of s. These functions are given by 

L 2n {s,a,c) = - /2 p n (s)L + (s,a,c), (8.30) 

L 2n +i(s,a,c) = - /2 V2irq n (s)L~(s,a,c) . (8.31) 

For each n > they satisfy the functional equation 

L n {s, a, c) = i n e- 2wiac L n {l - s, 1 - c, a) . (8.32) 

Proof. It follows from the definition of L n (s,a,c) and the relation 2A a ' c = Aq' c + A^' c , 
together with Lemma 13.31 that 

L n (s,a,c) = /2 {M ((j)n)(s)L + (s, a, c) + Mi(<t> n ){s)L-(s, a, c)} . (8.33) 

Now (f>2 n (x) is an even function and <p2n+i{ x ) is an odd function, so that -Mfc(^ n )(,s) = 
if k j£ n (mod 2). Thus we obtain (|8.30j) and (|8.3ip according as n is even or odd. The 
functional equations (|8.32p now follow from that of L (s,a,c) in Theorem 12.11 and of 
Pn(s) and q n (s) in Lemma IHT21 The entire function property of each L n (s,a,c) in the 
s-variable is inherited from L^(s, a, c) in Theorem 12. II and the fact that p n (s) and q n (s) 
are polynomials. ■ 

Remarks. (1) Theorem 18.51 shows that the action of the Fourier transform on Sq carries 
over an operator of order 4 acting the vector space V a C) which is compatible with the 
Weyl algebra action. 

(2) The results of Bump et al.[4] for the families of polynomials {p n (s)} (resp. {q n (s)}) 
may alternatively be viewed as attached to the Lie algebra sl(2), viewed as 



sl(2) = H 



1 / d d \ d 



' 2 V dx dx ) ' dx 2 



.34) 
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rather to its universal enveloping algebra U(sl(2)). The universal enveloping algebra 
U(sl(2)) is a subalgebra of the Weyl algebra Ai = U(h^). As a vector space over M, 
C/(sl(2)) is spanned by all monomials in x and ^ of even degree in Ai, counting x and 
0^ as degree one. The members of each family {p n (s)} (resp. {q n (s)}) (multiplied by 
scalar constants) are produced from the bottom element po(s) (resp. qo(s) by repeatedly 
applying the raising operator Di. 

(3) For comparison with the real Heisenberg Lie algebra treated here, the complex 
Heisenberg algebra he = Iir ®r C used in quantum mechanics has position operator 
p = M x and momentum operator q = -■§-, so that \p,q] = —il. The creation operator 
a = p + -ijj-q and annihilation operator a* = p — ^q satisfy [a, a*] = I and H = 
T;(aa* + a*a). 

References 

[1] T. M. Apostol, On the Lerch zeta function, Pacific J. Math. 1 (1951), 161-167. 

[2] T. M. Apostol, Introduction to Analytic Number Theory, Springer- Verlag: New York, 1976. 

[3] B. Berndt, Two new proofs of Lerch's functional equation, Proc. Araer. Math. Soc. 32 (1972), 

403-408. 
[4] D. Bump, K-K. Choi, P. Kurlberg and J. Vaaler, A Local Riemann Hypothesis, I, Math. Zeitschrift 

233 (2000), 1-18. 
[5] D. Bump and E. K.-S. Ng, On Riemann's zeta function, Math. Z. 192 (1986) 195-204. 
[6] J.-F. Burnol, Des Equations de Dirac et de Schrodinger pour la transformation de Fourier, C. R. 

Acad. Sci. Paris 336 (2003), 919-924. 
[7] J.-F. Burnol, On Fourier and zeta(s), Forum Math. 16 (2004), 789-840. 

[8] P. Cartier, Quantum Mechanical Commutation Relations and Theta Functions, in: Algebraic Groups 
and Discontinuous Subgroups, Proc. Symp. Pure Math. Vol. 9, Amer. Math. Soc: Providence, RI 
1966, pp. 361-383. 
[9] H. Davenport, Multiplicative Number Theory, Second Edition. Revised by H. L. Montgomery. 
Springer- Verlag: New York 1980. 
[10] C. Deninger, On the T-factors attached to motives, Invent. Math. 104 (1991), 245-261. 
[11] C. Deninger, Local L-f actors of motives and regularized determinants, Invent. Math. 107 91992), 

135-150. 
[12] C. Deninger, Motivic L-functions and regularized determinants, pp. 707-743 in: Motives (U. Jannsen, 
S. Kleiman, J.-P. Serre, Eds.), Proc. Symp. Pure Math, Vol 55, Part I, American Math. Soc. : 
Providence RI 1994. 
[13] A. Erdelyi et al., Higher Transcendental Functions - Vol. I, M. Graw-Hill: New York 1953. 
[14] R. Garunkstis, Growth of the Lerch zeta function, Lithuanian Math. J. 45 (2005), 34-43. 
[15] R. Garunkstis, J. Steuding, Do Lerch zeta functions satisfy the Lindelof hypothesis?, in: Analtyic 

and probabilistic methods in number theory (Palanga 2001), 61-74, TEV: Vilnius 2002. 
[16] G. H. Hardy, Divergent Series, Oxford University Press: Oxford, 1949. 
[17] R. Howe, On the role of the Heisenberg group in harmonic analysis, Bull. Amer. Math. Soc. (New 

Series) 3 (1980), 821-843. 
[18] A. Hurwitz, Einige Eigenshaften der Dirichlet'schen Funktionen F(s) = ^ ( — ) -^t, dei bei der 
Bestimmung der Klessenzahlen binarer quadratischen formen auftreten, Zeitschrift fur Math, und 
Physik 27 (1882), 86-101. 
[19] S. Kanemitsu and H. Terada, Vistas of Special Functions, World Scientific: Singapore 2007. 
[20] R. Kockoek and R. F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials and 
its q-analogue,, Delft Univ. Techonology, Dept. of Technical Mathematics and Informatics, Report 
no. 98-17 (1998), 170pp. 
[21] P. Kurlberg, A Local Riemann Hypothesis, II, Math. Zeitschrift 233 (2000), 21-37. 
[22] A. Kuznetsov, Integral representations for the Dirichlet L-functions and their expansions in Meixner- 
Pollaczek polynomials and rising factorials, Integral Transforms and Special Functions 18 (2007), 
No. 11-12, 809-817. 
[23] A. Kuznetsov, Expansion of the Riemann S function in Meixner-Pollaczek polynomials, Canadian 
Math. Bulletin 51 (2008), No. 4, 561-569. 



THE LERCH ZETA FUNCTION I. ZETA INTEGRALS 37 

[24] J. C. Lagarias, Number Theory Zeta Functions and Dynamical Zeta Functions, in: T. Branson, Ed. 

Spectral Problems in Geometry and Arithmetic, (Iowa City, IA 1997), Contemporary Math. Vol. 

237, AMS: Providence 1999, pp. 45-86. 
[25] J. C. Lagarias, paper in preparation. 

[26] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function II. Analytic continuation, preprint. 
[27] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function III. Polylogarithms and special values, 

preprint. 
[28] J. C. Lagarias and W.-C. W. Li, The Lerch zeta function IV. Hecke operators, in preparation. 
[29] A. Laurencikas and R. Garunkstis, The Lerch zeta-function, Kluwer Academic Publishers: Dordrecht 

2002. 
[30] M. Lerch, Note sur la fonction TZ(w, x, s) YX=o ffSp > Acta Math " X1 ( 1887 )' 19-24. 
[31] R. Lipschitz, Untersuchung einer aus vier Elementen gebildeten Reihe, J. Reine Angew. 54 (1857), 

313-328. 
[32] R. Lipschitz, Untersuchung der Eigenshaften einer Gattung von undenlichen Reihen, J. Reine 

Angew. 105 (1889), 127-156. 
[33] M. Mikolas, New proof and extension of the functional equation of Lerch's zeta function, Ann. Univ. 

Set. Budapest - Eotvos Sect. Math. 14 (1971), 111-116. 
[34] J. Milnor, On polylogarithms, the Hurwitz zeta function, and the Kubert identities, Enseign. Math. 

29 (1983), 281-322. 
[35] D. Mumford, Tata Lectures on Theta I, Birkhauser: Boston 1983. 

[36] E. Oberhettinger, Note on the Lerch zeta function, Pacific J. Math. 6 (1956), 117-120. 
[37] R. Olofsson, Local Riemann Hypothesis for complex numbers, preprint math. NT/0605063 
[38] S. J. Patterson, An introduction to the theory of the Riemann zeta function, Cambridge University 

Press, Cambridge 1988. 
[39] D. Ramakrishnan and R. J. Valenza, Fourier Analysis on Local Fields, Springer- Verlag: New York 

1999. 
[40] M. Schroter and C. Soule, On a result of Deninger concerning Riemann 's zeta function, pp. 745-747 

in: Motives (U. Jannsen, S. Kleiman, J.-P. Serre, Eds.), Proc. Symp. Pure Math, Vol 55, Part I, 

American Math. Soc. : Providence RI 1994. 
[41] H. M. Srivastava and J. Choi, Series Associated with the Zeta and Related Functions, Kluwer Aca- 
demic Publishers: Dordrecht 2001. 
[42] J. Tate, Fourier Analysis in Number Fields and Hecke's Zeta-Functions, in: Algebraic Number Theory 

(J. W. S. Cassels and A. Frohlich, Eds.), Academic Press: London 1967, pp. 305-347. 
[43] A. Weil, Elliptic Functions according to Eisenstein and Kronecker, Springer- Verlag, New York 1976. 

Department of Mathematics, University of Michigan, Ann Arbor, MI 48109-1043, USA 
E-mail address: lagarias@umich.edu 

Department of Mathematics, Pennsylvania State University, University Park, PA 16802- 
8401, USA 

E-mail address: wli@math.psu.edu 



